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! Abstract: It is a natural question to ask whether two hnks are equiv- 

alent by the following moves ' — — ^ ^)C^ (where is a fixed 
number of positive half twists) and if they are, how many moves are 
needed to go from one link to the other. In particular if = 2 and 
the second link is a trivial link it is the question about the unknotting 
number. The new polynomial invariants of links often allow us to 
answer the above questions. Also the first homology groups of cyclic 
, branch covers over links provide some interesting information. 
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^ , Introduction. In the first part of the paper we apply the Jones-Conway (Homfly) 

. and Kauffman polynomials to find whether two links are not tk equivalent and if 

g ■ they are, to gain some information how many moves are needed to go from one link 

■ to the other. 

■ In the second part we describe the Fox congruence classes and their relations with 
^ • tk moves. We use the Fox method to analyse relations between moves and the 

first homology groups of branched cyclic covers of links. 

In the third part we consider the infiuence of tk moves on the Goeritz and Seifert 
matrices and analyse Lickorish-Millett |L-M-2j and Murakami |Mur-H IMur-2j for- 



mulas from the point of view of tk moves and illustrate them by various examples. 
At the end of the paper we outline some relations with signatures of links and 
non-cyclic coverings of link spaces. 

Now we will formulate the basic definitions and state the main results of the 
paper concerning connections between tk moves and the Jones-Conway polynomial 
invariants of links. 
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Consider diagrams of oriented links Lq and which are identical, except the 
parts of the diagrams shown on Fig. 0.1. 




Fig. 0.1 

Definition 0.1. Thetk move (ork twist) is the elementary operation on an oriented 
diagram Lq resulting in (Fig- 0.1). Two oriented links L and V are said to he 
tk equivalent (L r^t^ ^/ ^"^^ can go from L to L' using t^ moves (and isotopy). 
The tk distance between t^ equivalent links L and L' (denoted \L.,L'\t^) is defined to 
he the minimal number of t^^ moves needed to go from L to L' . 

The tk level distance between L and L' (denoted \L,L'\^^^) is defined to be the 
number oft^ moves minus the number oft^^ moves needed when we go from L to L' 
(we will show later (Corollary 1.2) that for k > 2 it does not depend on the choice 
of a path joining L and L'). 

The classical unknotting number is the t2 distance from a given link to an unlink. 



Corollary 0.2. Let Pi^a^z) be a Jones-Conway polynomial described by the prop- 
erties 

(i) PTAa,z) = l, 
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(ii) aP-^{a^z) + a ^P^Ji{a,z)=zP-~-Ji{a,z), 
xSi ■ — * 

where T\ is a trivial knot. Then for zq = 2 cos{7im/k) (zq 7^ 0, =f2 ) 

Pt,iL){a, zo) = {-ira-''PL{a, zo) 
and for t^ equivalent links L and L' 

PL'{a,Zo) = ((-l)"a-^)l^'^'l*rp^(a,^o) 
and neither side is identically zero. 

We can introduce a move and ik equivalence of oriented links similarly 
to the tk move and {^tk) (see Fig. 0.2). 




{tk{L) is naturally oriented if k is even) 
Fig. 0.2 

Corollary 0.3. (1.8) If af = (-l)^ 7^ Ti, then 

Pt2k{L){ao, z) = Piiao^z). 

Corollary 0.4. Let VL{t) be the Jones polynomial described by the properties 

(i) V^T.(t) = l, 

(ii) t~'Vy^{t) - tVy^it) = {Vt- ^)K-.(t), 
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then 

(a) Ift'' = (-1)'' (i.e. t^/^ = -ie'^'-'^/^), t ^ -1, then a tk move changes Viit) 
by that is 

Vt,iL){t) = (-l)VV^(t). 

(b) Ift^'' = 1 (i.e. t = e^^™/^;, t ^ -1, then 

Vt,,iL){t) = VL{t). 

(c) Assume k is odd and t^ = —1. Then 

V^,(L)(t)=^4fcV^L(t), 

where uo^k is a properly chosen Ak-root of unity (depending also on the 
choice of the orientation ofik{L); see Theorem 1.13). 



1. 4-MOVES AND Conway formulas for the Jones- Conway and 

Kauffman polynomials. 

When one considers the sequence of links L,ti(L),t2(i^),...,('-^'-^'-^^'-) 
then the Jones-Conway (and Kauffman) polynomials PL(a, z), Pt-^(^^{a, z), Pt^(^L){a, z), . . . 
form a (generalized) Fibonacci sequence. So one can expect that there is a nice for- 
mula which expresses Ptj.(i)(a, z) in terms of Pj^(L)(a, z) and PL(a, z) and in fact we 
have the following result: 

Theorem 1.1. a^Pt^i^L){a,z) = av[^\z)Pt-i^(^L){a, z)—v[^ ^\z)PL{a, z) , where v'^^'^\z) = 
zv[^'^^\z) — v[^\z) and v[ ^\z) = —1, v^f\z) = 0, v^\z) = 1. In particular if one 
substitutes z = p + p^-^ one gets v{ () = ^plp-i ■ [Added for e-print: t>J '{z) is a 
variant of the Chebyshev polynomial of the second kind.] 

Proof. We proceed by induction on k. For k = 1,2 the formula from Theorem 1.1 
holds: 



aPt^i^L)ia, z) = aPt^^L){a,z) - ■ Pi^a^z) 
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and 

a'^Pt2(L){a, z) = azPt^i^L){a, z) - PL{a, z). 
Assume that Theorem 1.1 holds for 1, 2, . . . , A; — 1, (A; > 2). Now one gets: 

a''Pt,iL){a,z) = a''-^zPt,_,iL){a,z) - a^'^ zPt,_^^L){a, z) = 
= z{avf~'^\z)Pt^^L){a, z) - vf~'^\z)PL{a, z))- 

{avf~'^\z)Pt^^L){a,z) -vf~^\z)PL{a,z)) = 
a{zv[''~^^ {z)Pt,{L) {a, z) - "^^ (^)-Pti(L) (a, z))- 
{zvf-^\z)P^{a,z)-vf-^\z)PL{a,z)) = 



avf\z)Pt,(L){a, z) -vf ^\z)PL{a, z)). 
To see, that for z = p + p~^, Vi'\z) — ^plp-i it is enough to observe that 

- iP + p-')- 

p — p p ~ p p ~ p 



□ 



Corollary 1.2. //Po'^ = 1 (i.e. po — e^'^'^^^), po ^ ^1,^? or equivalently Zq 
2cos(7rm/A;); Zq ^ 0,^2 ^/len 

Pt,(L)(a,zo) = (-ira-'=Pi,(a,^o) 
anc? /or equivalent links L and L' 

Pl'{0'i Zq) — ((— l)"^a^'^)'^'^ Pz;,(a, Zq) and neither side is identically zero. 
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Proof. Assume po ^ T^, =F^- Then v[ (zq) = reduces to pp*^ = 1, so po = e'^*'"/*^ 
and zq = pq + Pq^ = 2 cos(7rm/A;). Now the equation from Theorem 1.1 reduces to 

k—l 1—k 

a^Ptkmi.a.zo) = -v[''~^\zo)PL{a,zo) = -— ^^PL(a, ^o) = 

Po-Po 

= p',PL{a,zo) = i~irPL{a,zo). 

So the first part of Corollary 1.2 is proven. 

For the second part it is enough to show that for each link L and any complex 
number zq {zq ^ 0) PL{a,zo) is never identically zero. It follows from the fact that 
PL{a,a + a^^) = 1 (see |L-M-lj or |P-lj . or apply the standard induction: it holds 
for trivial links and whenever it holds for and Lo(^) it holds for 

and if it holds for L+ and Lq it holds for L^). □ 

If a = i, t^/^ = —ip in the Jones-Conway polynomial PL(a, z), (z = p + p~^), we 
get the (normalized) Alexander polynomial Ai(it) which satisfies: 

(i) Ar,(t) = l, 

(ii) AL^{t)-AL_{t) = {Vi-^JAL,{t). 



Corollary 1.3. [FVTl iKi] // = (-1)'= (i.e. t^''^ = -ie'"'"''^), t ^ -1 then 
A,,(^)(t) = (-ir(-^)'=Aat). 

Proof. It follows immediately from Corollary 1.2. One have only additionally notice 
that the formula from Corollary 1.2 remains i true for a = ^i, p = ^i. □ 



When we substitute a = it ^, p = it^^'^ in P{a, z) {z = p + p ^) we get the Jones 
polynomial VL{t) which satisfies: 

(i) VViW = l, 

(ii) \VLAt)-tVUt) = (V^- ^)^Lo(t). 

There has been some confusion as to the conventions. We use that of [Jo3]. 
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Corollary 1.4. If t'' = {-if (i.e. t^/^ = -ie'^''^/'' ), t ^ -1, then a tk move 
changes Vt(^) by that is 

yt,iL){t) = i-in^vr^it). 

Proof. It is true ior t — 1 (then k is even). For t ^1 it follows immediately from 
Corollary 1.2. □ 



Corollary 1.5. If po — e — ^1 (so zq — 2e — ^2) then 

(a) a''Pti^(^L){a, zo) = ekaPti{L)ia, zq) - e{k - l)PL(a, 2^0) and 

(b) Pt^(L)(a, Zo) = ea~''PL{a, Zq) (mod i.e. the equality holds if PL{a,zo) 
is understood to be a Laurent polynomial in a with coefficients in the ring 
Z[l/2]/A;Z[l/2]. 



Corollary 1.6. (Generalized Conway formula). The following formula holds for 
the Jones-Conway polynomial: 

a''PL^^{a, z) + a~^PL_,{a, z) = wf\z)PL,{a^ z), 

where wf^^ = 2, w^^ = z, wj;*^^ = zw^^'"^^ — w'^^~'^\ After substituting z — p + p''^ 
one gets w[''^ — p^ -\- p~^ . 

Proof. Prom Theorem 1.1 one gets: 
and 

Adding these equations by sides one gets: 

a'PL^, + a-^PL_, = vf\aPL^, + a'^P^,,) - 2^f "'^P^^ = 
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= (z.f)-2.f-))P,„. 

Now substituting w^^^ = zv[''^ — 2v[''~^^ one gets the equation from Corollary 1.6 
(notice that v[ = —1). □ 



Now we will get formulas for moves analogous to those for moves. 



Theorem 1.7. Pt^^(^i^){a, z) = {—lYa^^PT,.^ (a. z)+zuf''^ (a)Pr.^ ^{C'^z) where t2k{L) , L 
and L\ i are oriented diagrams which are identical, except the parts of the diagrams 



1 ( 

shown on Fig. 1.1, and v!{^ = 0, uf'^ = a, u^^^^ = —a^u^^^^ ^^'^ + a or equivalently 



Fig. 1.1 



Proof. We proceed by induction on k. For = 0, 1 the formula from Theorem 1.7 
holds: 



Pi^ia, z) = Pi^ia, z) + z - O- Pl^ ^{a, z) 



and 



Pt2{L){a,z) = -a PL^{a,z) + zaPi^ 
Assume that Theorem 1.7 holds for 0, 1, . . . , /c — 1 {k >2). Now one gets: 
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—a 



2„(2{fe-l)) 



+ a)PL. 



i-l)^a'"'PL^ + zu 




□ 



Corollary 1.8. If af = {-!)'' (ao ^ Ti), then 

Phu{L){.aQ, z) = PL{ao,z). 

Corollary 1.9. If = ei = then 

(a) Pf2^(i)(ao, = PL^{ao,z) + zeikPi^ ^(«o,2) and 

(b) Pt2,,(L){cLo, z) = PiicLo, z) (mod k) i.e. equality holds if Pi^a^jz) is under- 
stood to be the Laurent polynomial in z with coefficients in the ring Z + 
iZ/k{Z + iZ). 

(c) |Fo-lj If a = i, t^f^ = —ip {z = p + p~^) one gets the (normalized) Alexander 
polynomial and (h) reduces to /S.t2k{L)if) = ^l(^) (mod k) i.e. the equality 
holds if A^^t) is reduced to a polynomial in Zk[\/t^'^]. 

For the Jones polynomial {a = it~^ , p = it^^'^), Corollary 1.8 reduces to: 



Corollary 1.10. Ift 



.2k 



1, t ^ —1 then 



VtM{t) = VL{t). 

Proof. It is true for t = 1. For t 7^ =1=1 it follows from Corollary 1.8. 



□ 
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Corollary 1.11. (Generalized Conway formula). The following formulas hold for 
the Jones-Conway polynomial: 

(ii) a-''P,^^^L){a,z) + i-l)''a'^Pj-.^^^ia,z) = {{-iT^' + a-'')PL^{a, z), 

(iii) a-^P,,(^)(a,^) + {-l)^^^a^P,-.^,^{a,z) = ^K^), 

where 



e{k) = < 



-1 if A; + 2 is a multiple of 4, 

otherwise 



Proof. (i) follows immediately from Theorem 1.7; one has to add equations for 



« ^''Pi.UL) and for a'^'P-^-i^^y 

(ii) follows from Theorem 1.7, by adding equations for Ci~^Pt2k{L) and for (— l)'^a*'Pf-i 

(iii) {k even) follows from Theorem 1.7 by adding equations for a~'^^Pt^[L) and 
for {—Vjo^^ P^-i f^^y If k is odd then from Theorem 1.7 one gets 

a-^^'^'^Pt,,^,^LMz) = (-l)ViPf,(i) + za-^^'+'\f'\a)PL, Aa,z) 



and 



= (-l)'=a/^-.(^)(a,z) + ^a^'=+i((-l)'=+ia-^^«f )(a))P,^ ^{a,z) 

(in the last equality we use the fact that uf'\l/a) = {—l)''^^a^'^^uf'\a)) 
Adding the above equalities one gets: 



2fc+l 
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a2fc+i ^ ^-(2fc+i) 
= z{ — — ^ Pl 



□ 



We worked, till now, with moves for k even, and the reason for this was that 
if L is oriented then ik{L) has no any natural orientation for k odd. For the Jones 
polynomial, however, one has Jones reversing result (see |L-M-2j or |P-lj ) so one 
can still find how Viit) is changed under a ik move. 

Namely let L = {Li, . . . , L,, . . . , L„} be an oriented link of n components and 
L' = {Li, . . . , —Li, . . . , L„}, i.e. the orientation of Lj is reversed, and let A = 
lk{Li,L — Li). Then 

1.12. VL'{t)=t'-'^VL{t). 

Theorem 1.13. Consider a ik move on an oriented link L, and assume k is odd. 
We have two cases: 

(i) c(tk{L)) < c{L), where c{L) denotes the number of components. That is two 
components of L, say Li and Lj, are involved in the ik move (see Fig. 1.2). 
Let X = lk{Li,L-Li). Then for t'' = {-!)'' (i.e. t^/^ = .^g'^Wfcj^ i^-l: 



Vt^^L){t) = {-iriH~^^VL{t) = {-ir+H^e-^-'^^'^VL{t), 

where the orientation ofik{L) is chosen so that it does not agree with the 
orientation of Li. 

(ii) c{ik{L)) = c{L). That is one component of L is involved in the ik move. 
Let Lj J denote the smoothing of L (Fig. L3). Lj ^ has more components 
than L and let Li, Lj he the new components of L^ ^ (Fig. 1.3). Let A = 
lk{Li, L^ ^ — Li) and assume that ik{L) is oriented in such a way that its 
orientation agrees with that of L^ ^ with exception of Li. Then fort'' = (— 1)*^ 
(i.e. tV2 = _i(,-^im/kj^ iy^ -1: 
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Proof. (i) We use the Jones reversing result and Corollary 1.4 and we get 
Fig. 1.2) 



Li 



reversing 



orientation 



I' -Li 



^ ^ -X 



Fig. 1.2 

(ii) We use Corollary 1.4 and the part (i) and we get (see Fig. 1.4): 

Vt,iL){t) = i-irtH-^^+'VLit) = (-i)™zV3^+'=(-i)™zVL(t) =r3VL(t) 

(-l)^e-^"^"'^/VL(t). 





Fig. 1.3 
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It is possible to get Theorem 1.13 by considering the variant of the Jones poly- 
nomial which is an invariant of regular isotopy and does not depend on orientation 

(|Ki31). 

We will use this idea considering how the Kauffman polynomial changes under tj- 
and tk moves. 
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Two diagrams of links are regularly isotopic iff one can be obtained from the other 
by a sequence of Reidemeister moves of type fl2^, fl^^ and isotopy of the projection 
plane (see Fig. 1.5). 



n 




Fig. 1.5 

The Kauffman polynomial of regular isotopy of unoriented diagrams is defined by 
(see [KTa] : also jO]): 

(1) Aj'i{a,x) = a*™*^^i\ where Ti is a diagram representing the trivial knot (up 
to isotopy) and tw(Ti) = ^sgn p where the sum is taken over all crossings 
of Ti. 

(2) As^(a, x) + Ay^{a, x) = xA^^{a, x) + xAj ^(a, x). 
The Kauffman polynomial of oriented links is defined by 

FL{a,x) = a-*™(^)Ai(a,x). 



Theorem 1.14. A^.. ,, (a, x) = vl {x)A^{a,x)—v[ (x)Aw*(a, x)+xw2 (a,a;)Aj ^{a,x), 

k half twists 

k half twists where v[''\) is the same as in Theorem 1.1 andv!^\a, x) = 0, v^\a, x) = 

0, v^\a,x) = , V2^\a,x) = xv^ ^\a,x) — '^\a.,x) + a^~^ . In particular for 

X = p+p~^ one gets vf\) = ^p~p-i , v^^^ = {{p—p^^){a+a^^ — {p+p^^)y^{—a^^{p^ — 
p-k^ _l_ pi^Q^-k _ p-k^ _ p-i^cj-fc _ p^)). 
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Proof. We proceed by induction on k. For k = 0, 1, 2 the formula from Theorem 
1.14 holds. Assume that it holds for 0, 1, . . . , A; — 1 {k > 2). Now one gets: 




k half twists (k—l) half twists (k—2) half twists 



[XV 



The formula for V2^\a,p + may be verified directly but we omit this tedious 
task by considering the trivial links of Fig. 1.6. From this figure we get immediately 
that 



-1 



p — p-i p — p~ 

and it finishes the proof of Theorem 1.14. 



p + p'^ 



□ 



O^-X) CO o oo 



k half twists 



Fig. 1.6 
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Corollary 1.15. (a) If pl^ = 1 (i.e. po = e''*™'/^^, pq ^ :pl, ipi or equivalently 
Xq = 2 cos^nm / k) , Xq ^ 0, =f2, then 



—k —k 

A^...^ («,^o) = (-irAw^(a,a;o) + , _u A) ((a,a;o). 

'-^ (a -po)(l - a-ipo ) ' ^ 



(b) Ifpf = 1, Po 7^ Tl, ao = Po. ao 7^ Po ^ th 



en 



^yo^^^ (Qo,a^o) = (-l)"'Aw^(ao,Xo). 
(c) //po = £ = =f1 T'^o xq = 2e = ^2) and Qq = , a^i^ e then 

A^ ...^ (ao,Xo) = £:A^(ao,Xo)(mod kjT), 
i.e. equality holds in the ring Z[ao/2]/A;Z[ao/2]. 

Proof. It follows from Theorem 1.14 similarly as Corollaries 1.2 and 1.5 followed 
from Theorem 1.1. □ 



Corollary 1.16. (Generalized Conway formula) 



A^...^ (a, a;)+A-^ ^ {a,x) = w[''^A*^{a,x) + xw2''\a,x)A^ ^{a,x), 




where w\ (x) = Wi{z) from Corollary 1.6, and 



W2{a,x) = (J,W2[a,x) = l,W2{a,x)=xw2 [a,x)—W2 {a,x) + a +a ; 

when one substitutes x = p + p^^ then 
w[''\x) = p^ + p~^ and 

a — p 1 — ap 
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Proof. From Theorem 1.14 one gets: 
and 

Adding the above equations by sides one gets: 

+x{v'i\a,x)+v^^\a-\x))K^ ^ = {xv'l - 2t;f"^^)A^+ 

Now substituting w[''^ = xv\ — 2v^^~^^ and ^2'^'' = v\{a) + V2''\a, x) + V2''\a^^ , x) 
one gets the equation from Corollary 1.16. □ 



We end this part of the paper by translating Corollary 1.15(b) into the Kauffman 
polynomial of oriented links. 



Corollary 1.17. If pl'^ = 1, po =Fl, and Oq = Pq, oq 7^ p^^ then 

(a) F^.. (ao,po) = ao«r^'~*''~*"^ ^F^(ao,Po); 

In particular 

(b) Fi^(L)(ao,Po) = FLiao,po), 

(c) Ft^k{L){ao,Po) = Fiiao^po), 

(d) Ffj.(i)(ao,Po) = «^'''-pL(ao!Po)) where k is odd and X defined as follows (com- 
pare Theorem 1.13): 

(i) If L has more components than tk{L) and Li is the only component of 
L such that the chosen orientation on ik{L) does not agree with that of 
Lj then X = lk{Li, L — Lj) (compare Fig. 1.2). 
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(ii) If L has the same number of components as ik{L), consider the smooth- 
ing Lj J of L (Fig. 1.3). Let Li he the only component of L such that 
the chosen orientation on ik{L) does not agree with that of Li then 
A = lk{Li,L — Li) (compare Fig. 1.3). 

Proof. (a) follows immediately from Corollary 1. 15(b) and the definition of Fiia, x) . 
(b) and (c) hold because in these cases tw(«— «») — tw(^ ^ ) = =i=/c; 



(d) tw(5X) - tw( 



AX — k in the case (i) 
AX + k in the case (ii) 



so the equality (d) holds. 



□ 

When one substitutes a = t~^^^, x = —{t^^^ + 1~^^^) in the Kauffman polynomial 
F{a, x) one gets the Jones polynomial V{t) (jE|, see also |P-lj ). Corollary 1.15 gives, 
therefore, some information about the behaviour of V{t) under tk and tk moves. It 
happens, however, that one gets no new information comparing with Corollaries 1.4, 
1.10, and Theorem 1.13. 

Theorem 1.1 and 1.14 can be stated as one theorem if one uses the three variable 
polynomial Ji,(a,x, z) which generalizes the Jones-Conway and Kauffman polyno- 
mials (see |P-lj ). however, one cannot gain any new information from this approach. 
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2. Historical background (Fox congruence classes). 

The unknotting number of a knot was considered probably before knot theory be- 
came a science. It was a natural question to ask how many times one has to "cheat" 
to get from a knot an unknot. K. Reidemeister wrote in 1932 in his book |R,ej : "It is 
very easy to define a number of knot invariants so long as one is not concerned with 
giving algorithms for their computation ... One can change each knot projection 
into projection of circle by reversing the overcrossings and under crossings at, say, 
k double points of the projection. The minimal number u{K) of these operations, 
that is, the minimal number of self-piercings, by which a knot is transformed into a 
circle, is a natural measure of knottedness" . 

The first interesting results about unknotting number were found by H. Wendt 
|Wej in 1937. Namely Wendt proved that if u{K) is the unknotting number of K 
and Cs is the minimal number of generators of the group Hi{M^\ Z), where M^^ is 
the cyclic, s-fold branched cover of {S^, K) then 

es<u{K){s-l). 



'y 

tk and tfc moves (*— * — » ) appear to have been first explicitly con- 

sidered by S. Kinoshita in 1957 |Kin-lj . who observed that the Wendt inequality is 
also valid if we allow all t2fc and i2k moves, not only t2 moves (see Corollary 2.6(b)). 
The following year, 1958, R. Fox |Fo-lj considered twists of knots and congruence 
of knots modulo {n, q); the notion which is closely related, and in some sense more 
general, than t2k and t2k moves. Congruence modulo (n, q) was chosen so that the 
Alexander polynomial (or more generally Alexander module) is a good tool to study 
this. 

The same year (1958), S. Kinoshita |Kin-2j used the Fox twists to generalize once 
more the Wendt inequality (see Corollary 2.6). The Fox approach is related to ours 



so we will present it here with some details. We follow the Fox paper |Fo-lj taking 
into account the corrections made by Kinoshita |Kin-3j and Nakanishi and Suzuki 
jN-Sj . I am grateful to K. Murasugi and H. Murakami for informing me about the 
Fox paper and about the Kawauchi and Nakanishi conjectures. 
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Consider the following homeomorphism r of a 3-disk = (0, 1) x D^: T{t, z) = 
[t, e^'^'^^z). It is the natural extension to (0, 1) x of the Dehn twist on the annulus 
(0,1) X dD"^ (see Fig. 2.1). 



m 

D^=<0, 1> X 

Fig. 2.1 

We call T a simple twist or a Dehn twist. Now whenever we have a properly 
embedded 2-disk in a 3-manifold M (and either M or a tubular neighbourhood of 
the disk is oriented), we have uniquely (up to isotopy) associated with the disk 
the Dehn twist (the twist is carried by a tubular neighbourhood of the disk). In 
particular for an oriented solid torus there is only one nontrivial Dehn twist, because 
there is only one, up to isotopy, nontrivial proper disk in it. 

Now let L be a link in (we will assume = 5''^, but in fact can be 
any homology 3-sphere), and a disk which cuts L transversely. Let V2 be the 
solid torus - a small tubular neighbourhood of dD^ in H^, and Vi the closure of its 
complement (Vi = S'^ — V2). If = S^, V\ is a solid torus too. Now perform the 
Dehn twist on V\ using the disk . The twist restricted to the link L is denoted by 
^2,9 where g > is the absolute value of the crossing number of D'^ and L. By t2n,g 
we denote tg,^- Notice that our t^n move is special case of t2n,2 move, and t^n move 
is a special case of t2n,o move. Two oriented links L\ and L2 are called, by Fox, 
congruent modulo n, q (Li = L2 (mod n, q)) if one can go from Li to L2 using 
moves (and isotopy), where q' can vary but is always a multiple of q. If we allow only 
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t2nq moves then we say, after Nakanishi and Suzuki, that Li and L2 are g-congruent 
modulo n {Li =q L2 (mod n)) or that they are t2n,q equivalent {Li ^t2„q -^2)- 

The Alexander polynomial (and module) is a nice tool for distinguishing nonequiv- 
alent links because L and t2n,q{L) are the same outside the ball in which the move 
occurs. 



Theorem 2.1. (a) t2n,q equivalent links have the same Alexander module mod- 
ulo ^^~^lg[__l~^\ in particular 
(b) for C ^l(tly^lorto^ 1) A^it) = A,,„,,(i)(i). 



It can be understood as follows: A/^(t) and At2„,(L)(^) are equal as elements of 
the ring R = Z[t^^]/{t - 1)(1 + t*? + . . . + t("-i)«), up to muhiplication by invertible 
elements of R (in fact up to multiplication by classes of invertible elements in Z[t^^] 
i.e. ^tP). 

If we substitute a — i and p — it^/'^ in the Jones-Conway polynomial then we 
get the (normalized) Alexander polynomial A(i) e Z[i^^] U -\/iZ[i^^]. Prom our 
Corollary 1.3 follows that \l t^^ — 1, t ^ —1, then t2k move changes A.L{t) by the 
factor e — t^ — ^1 (i.e. At2j.(L)(^) = £Ai(i)). Therefore t2k moves have, more less, 
the same influence on A£,(t) as more general t2k,2 moves; however it is not true that 
every t2k,2 move is a combination of t2k moves (see Example 3.8(b)). 
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Proof. Consider a small ball in which t2n.q niove takes place (Fig. 2.2). Ci L 
consists of m parallel strings. 





m = 3 
Fig. 2.2 

— L — inti?'^ is homeomorphic to — t2n,q{L) — int-B^ and the fundamental 
groups of these spaces have the following presentation: 

{ai, . 



O'm—li Q-x, . . . , CLrni 2^1; •• • • '"l; • • 



, a'^ form a basis of the free group nii^dB^ — L); see Fig. 



where Oi, 
2.2(a). 

— L and — t2n,q{L) can be obtained from — L — i?^ by adding m — 1 
two-disks in the appropriate way (Fig. 2.2(b)). Therefore 

7ri(S^ - L) = {ai, . . .,am-i,a[, . . . ,a'^,Xi, . . . : Ui,U2, ■ ■ .,Um-i,ri, . . .}, 

where Ui = a^a'^, i = 1, . . . ,m — 1 (see Fig. 2.2(b)), and 



7ri(S^-t2n,q(-^)) = {^1, . . .,am-i,a[, . . . ,a'^,xi, . . . : t{ui),t{u2), . . . ,r(M^„i),ri, . . .}, 
where r(ui) = {a'^, . . . , a;)X(«m, • • • , a'l)""^!"^- 
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Consider the natural projections p = P2P1 '■ 7ri(S^ — L) ^ — L) ^ Z, where 

p sends meridians of L onto t - a generator of integers, and p' : tti (S'^ —t2n,q{L)) Z. 
Then 

p(aj) = p(a'j) = t^^ andp(a'^a^_;^ . . . a[) = = p{amam-i ■ ■ ■ ^i) (without the loss 
of generality one can assume that the crossing number of and L is nonnegative 
so equal to q). 

In particular if i and i' are embeddings of — L — B^, in S'^ — L and — t2n,q{L) 
respectively then pi^, = p'i'^ (lack of this condition was the source of the mistake in 
the Fox paper |Fo-lj ). 

Now one can use Fox calculus to find Alexander-Fox modules of group represen- 
tations p : vri(S'^ — L) Z and p' : 7ri(S'^ — t2n,q{L)) Z, and because 



iit^j 



1 a i = j 



and 



/ (dT(Ui)_\ 

da' ) 



(l-i)(l-t"'?)ri 



l-t1 



where t^^ = p{a'^ . . . a'.+„) if i 7^ j 



{i-t)(i-t)"ifj 
i-ti 



therefore 

= P'*(^) mod (^ii^ and one gets: 



iii = j 



Lemma 2.2. The Alexander- Fox modules of p : 7ri(S^ — L) — Z and p' : 7ri(E^ — 
t2n,q{L)) 7i can be represented by the matrices which are the same modulo 



i-ti 



Theorem 2.1 follows immediately from the lemma. 



□ 
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Corollary 2.3. (a) Let qn be a multiple of s and k = !i:I£-iM2^- where gcd() is 
the greatest common divisor, then at2n,q move does not change Hi{M^^\ Zjt). 
In particular 

(b) If q is a multiple of s (e.g. q = 0) then a t2n,q move does not change 

(c) Let n he a multiple of s, and s and q are coprime then a t2n,q niove does not 
change Hi{m['\z). 

Proof. Alexander matrices can be used to describe Hi{m\^\z) as Z[Zs] module 
[t^ = 1). Then we use Lemma 2.2. □ 



Corollary 2.4. (a) LetUm{L) denote the minimal number of t2n,q moves (we 
allow different n or q) but the number of strings involved in a t2n,q must be 
less or equal m ) which are needed to change a given link L into unlink then 

|e, - s{c{L) - 1)1 <{s- l)(m - 1)^„(L), 

where c{L) is the number of components of L and Cs is the minimal number 
of generators of Hi{M^\z). In particular for u{L) =U2{L) one gets: 
(b) jKin-lj The minimal number of or t2n moves which are needed to change 
a given link L into unlink (u{L) ), satisfies: 

\es - s{c{L) - 1)\ < (s-I)m(L). 

Proof. If Tn is a trivial link of n components then es(T„) = s(n — 1). By the proof 
of Lemma 2.2, Hi{Mj:^^ ^j^,Z) has a presentation which differs from a presentation 
of Hi{mI'\ Z) at most in {s - l)(m - 1) rows (we use additionally the fact that 
^ = 1 + . . . t"-Ms an annihilator of Hi{M^l\ Z) (see jEZ]), so 



es{t2nAL)) - es{L)\ < (s - l)(m - 1). 



□ 
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The Fox method (and Lemma 2.2) can be modified so that one can get the result 
about tk moves, for k odd, analogous to Corollary 2.3 (compare [Ki]). 
Consider a small ball in which a move takes place (Fig. 2.3). 




Fig. 2.3 

S^ — L — int-B^ is homeomorphic to S^ — tfc(L) — inti?^ and the fundamental groups 
of them have the following presentation: 



{a,6,c,xi,a;2, . . . : ri,r2}, 

where a, h and c are classes of curves (generators of 7Ti{dB^ — L)) shown on Fig. 
2.4. 




Fig. 2.4 



26 



J.H.Przytycki 



If we add a 2-handlc along u = ac ^ we get S"^ — L and if we add a 2-handle along 
(^Q)(fc-i)/2^^^Q^-(fc-i)/2^-i 5.3 _ therefore 

7ri(E^ -L)^ {a,6, c,xi, X2, . . . : ac~^ = l,n,r2, . . .}, 



7ri(E3 - tu{L)) = {a, 6, c, xi, X2, . . . : n, r^, . . .}. 

Consider the natural projections p : 7ri(E^ — L) — > Z and p' : T^iiY? — tn{L)) Z. 
Then we have: 



p{a) = = p(c) = p'(a) = = p'(c) = t. 
Now we calculate that (ro = (6a)('=-^)/26(6a)-('=-^)/2^-^): 

P(^) = 0,P(^) = ^, 



9ac \ , (9ro. 



and we get: 



Lemma 2.5. T/^e Alexander-Fox modules of L and tk{L) can be presented by the 
following matrices. 



L 


a 


b 


C Xi 


X2 ... 


ac-^ = 1 


1 





-1 


... 


ri 


* 


* 


* 


* 



tkiL) 


a 


b 


C Xi 


X2 ... 


To 


t+1 


t^+i 
t+1 


-1 


... 


n 


* 


* 


* 


* * 



Corollary 2.6. (a) For = (k-odd) tk-equivalent links have the same 
Alexander module, in particular 
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(b) Ai,(L)(t) = TfAi(t)(mo. 




In fact from Corollary 1.3 follows that for a normalized Alexander poly- 
nomial Al^I) = ^iAt^(^L-j{t){ mod ^j^) or precisely 



We can slightly generalize the results of Wendt and Kinoshita using Lemma 2.5. 

Corollary 2.7. LetUn{L) denote the minimal number oft2k ortk moves which are 
needed to change a given oriented link L into unlink of n components, then 



where Cg is the minimal number of generators of Hi{Mj^ , Z). 



3. Applications and Speculations 

We start this part by proving two "folklore" results which link Goeritz and Seifert 
matrices with tk or ik moves. 

Theorem 3.1. (a) There exist Goeritz's matrices for L and tk{L) (or ik{L)) 
which are the same modulo k. 
(b) tk and tk-fnoves preserves Hi{M^\ Z^). 

Proof. For the convenience we start from the definition of Goeritz's matrix f |Goe| 
IGorj ) . Colour the regions of the diagram of an unoriented link alternately black and 
white, the unbounded region Xq being coloured white, and number the other white 



Aat)^t'=/%,(i)(t)(mod 



+ 1 
t + 1 



)• 



Cs - s{n - 1)1 < (s - 1)m„(L), 
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regions Xi, . . . ,X„. Assign an incidence number r]{p) = =f1 to each crossing point 
p as shown in Fig. 3.1. Then define n x n Goeritz's matrix G = {gij) by 





Fig. 3.1 



9ij = < 



Y^ri{c) summed over crossings points p adjacent to X i and X j 
if « 7^ J ii-j> 1) 

— ^ //(c) summed over crossings points p adjacent to 
Xi and to some Xj {i ^ j) ii i = j (i > 1). 



Now consider the Fig. 3.2 with white regions Xi and Xj. 




X . 



U=t^(L) or yL) 



Fig. 3.2 
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There are two possible cases: 

(i) Xi — Xj, then Gl — Gl'] in fact L is isotopic to L' . 

(ii) Xi 7^ Xj, we can assume that i — Q and j — 1 then 



Grj 



911 + k, gi2 



9n2 



9ln 



where Gl = {9ij) 



The part (b) of the Theorem 3.1 follows from the fact that C^, is a presentation 
matrix for //i(m|^\z). □ 



An alternative proof of (b) can be given by considering Dehn surgery on 
corresponding to or move on L. 



(2) 



Theorem 3.2. (a) Consider at2k,o move of Fox (e.g. t2k move), then there exist 
Seifert matrices for L and t2kfl{L) which are the same modulo k. 
(b) t2k,o move preserves Hi(M^\ Z^) for any s . 
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Proof. One can find a Seifert surface S for L which cuts the disk which supports 
the t2k,o niove, as shown in Fig. 3.3. Then the Seifert matrix for L defined by 5* and 
for t2kfi{L) defined by t2k,o{S) satisfy the condition (a). 



(b) folfows from (a) because a presentation matrix for Hi{M^ ,Z) can be built 
of blocks of the shape ^V, ^V^, ^{V + V^), where is a Seifert matrix of L and 
V"^ its transpose. On the other hand, (b) is a special case of Theorem 2.3(b). □ 



Example 3.3. (a) The trivial knot (Ti) and the (right handed) trefoil knot (3i) 
are t^^ equivalent. The figure eight knot (4i) and the 52 knot are ^4 equivalent 
however they are not t^ equivalent to Ti or 3i. 
(b) Ti and 82 are equivalent. 3i and 4i are equivalent hut they are not 
equivalent to Ti or 52 . 




S 



Fig. 3.3 
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First parts of (a) and (h) are illustrated in Fig. 3.4- 




Fzg. 34 

The second parts follow from Corollaries 1.2 and 1.8 (ti^ move changes Pl{o., \/2) 
by the factor — and preserves z) ) and the following computation: 

PT,{a,z) = l 

Psi (a, z) = -a-* - 2a-' + z^a-""; P^, (a, V2) = -a-\ P3, (1, z) = - 3 
P^^{a,z) = -a"^ -1 - + z'^; P41 (a, ^2) = -a"' + 1 - a'; Pa,{1, z) = z"^ - 3 
P^^{a,z) = -a-^W+a^+z^ia^-a'^); P^^{a,V2) = -a'^{-a-^+l-a^); P^^il, z) = 1. 

Example 3.4. Every closed 3-braid knot is ^4 equivalent to the trivial knot or the 
figure eight knot. It is not an unexpected result because the quotient group B^/{5f) 
is finite jC'oxj . In fact a calculation shows that B-s/{6f) has only two classes of 
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knots (represented by Ti andAi). Because all presentations of Ai as a 3-braid (e.g. 
6162^^162^ ) have the same exponent sum (equal to 0) therefore for every knot K 
which is t4 equivalent to 4i, each of its presentation as a 3-braid has the same 
exponent sum (equal to A\4i, K\f^ ; compare Corollary 1.2). More in this direction 
can be got using other t^ moves, compare Example 3.11, however it has been generally 
proved by H.Morton |Moj and J.Birman that if L is not a (2, k) torus link then the 
exponent sum of L does not depend on the presentation of L as a closed 3-braid. 



Example 3.5. Consider the following theorem of H.Murakami jMur-lj (see also 
|L-M-2| ).- 



Pi(l,V2) = V^(z) 



(v^)^(^)-i(-l)A'-^(^) if Arf(L) exists 



otherwise 



where c{L) denotes the number of components of L , Arf(L) is the Arf (or Robertello) 
invariant (see |Robj or |Ka-2j ). and t = i in Vi^t) should be understood as t^^'^ = 
_g'r«/4^ JSlotice that our convention differs slightly from that of jL-M-lj or |L-M-2j 
namely Piia, z) = Pl(£, -m) = (-1)"(^)-^Pl(^, m) . 

It follows from Corollaries 1.2 and 1.8 that t^ move changes Pl{^, V^) by factor 
— 1 and ti move preserves Pi{l^\/2). Furthermore for Tn - the trivial link of n 
components Pt„{^, V^) = (V^)"^'^- On the other hand the Arf invariant of a trivial 
link is equal to zero, t^ move changes the Arf invariant (if defined) and move 
preserves it (see |Ka-2j ). Therefore the Murakami theorem follows immediately from 
the above observations for a link which is t^, equivalent to a trivial link (i.e. a 
link which can be obtained from a trivial one using t^ and moves). This should be 
confronted with the following conjecture: 
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Conjecture 3.6. (Kawauchi - Nakanishi) 

(a) // two links Li and L2 are homotopic then they are t^^, ^4 equivalent^. In 
particular: 

(b) Every knot is t^, equivalent to the unknot. 

Conjecture 3.6 has been verified for the 2-hridge links, closed 3-string braids and 
pretzel links. 



Example 3.7. Consider the following t ^2 -move (A'^-twist) on oriented diagrams of 
links (Fig. 3.5). 





Fig. 3.5 



^Added for e-print: The conjecture has been disproved in |D-P-2| for Unks of three or more 
components. For two component Unks it is still an open problem whether any such link is t4, ^4 
equivalent to T2 or the Hopf link. 
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A ti move can he obtained from a t ^2 -move (and isotopy) as it is illustrated in 
Fig. 3. 6. 




Fig. 3.6 



J.Birman and B. Wajnryb |B-Wj have proven that two links are t^2 equivalent iff 
they have the same number of components and the same number of components with 
odd linking number with the rest of the link. Because a move preserves the number 
of components and all linking numbers modulo 2, therefore it can be obtained as a 
combination oft^ moves. In fact it follows from |B-Wj that in order to gett^ move 
we can always use an even number of t moves. Furthermore a t^2 move changes 
the Arf invariant (if it exists) and therefore VL{i) = —Vt/^2i^^{i). The last equality 
can be also proven elementary without using jB-Wj . Finally observe that not every 
t^2 move is a combination of t^, t^ moves. The reason is that t^ and moves 
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preserve all linking numbers mod 2 hut it is not always the case for a t^2 move (see 
Fig. 3.7 for an example of links which are t/^2 equivalent hut not t4, t/^ equivalent) . 




Fig. 3.1 



Example 3.8. (a) a t^^ move is a special case o/t2,3 moves of Fox hut it follows 
from \B-W\ that 

o-n-y '^2,3 move is a comhination oftA2 moves. In fact, every 
^2,3 move preserves the numher of components and the number of components 
with odd linking numher with the rest of the link. Similarly any ^2,25+1 is a 
comhination oft^2 moves. 



36 



J.H.Przytycki 



(b) a t4 move is a special case of ^4^2 rnoves of Fox. There are t4 2 equivalent 
links which are nott^ equivalent. (Fig. 3.8). 



4,2 




Fig. 3.8 



Two links of Fig. 3.8 are not ^4 equivalent because their suhlinks of Fig. 
3. 9 are not t^ equivalent. 





Fig. 3.9 

Namely PT^{a,V2) = and PK{a,V2) 

Corollary 1.2 T2 and K are not t^ equivalent. 



K 



''^ ° — , therefore by 
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Example 3.9. (a) The square knot (I3i#3ij, the (right-handed) granny knot 
f3i#3ij, and T3 (the trivial 3-component link) are t^ equivalent. 

(b) The trefoil knot (3i) and T2 (the trivial link of 2 -components) are t^ equiva- 
lent. 

(c) The knots 82, 63, the H op f link (2\), the Borromean rings (62) and the unknot 
(Ti) are t^ equivalent. 

(d) The figure eight knot (Ai) and the knot 942 (in the Rolf sen notation |R,olj ) 
are t^ equivalent. 

(e) No links from different classes ((a), (b), (c), (d)) are t^, equivalent however 
links of (c) and (d) are t^, equivalent (i.e. there is a sequence of t^'^ or 
t^^ moves which lead from one link to another) and there is no more ts, ts 
equivalences among the above links. 

The ts and t^, equivalences are illustrated in Fig. 3.10, 3.11, 3.12 and 3.13. 




Fig. 3.10 
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Fig. 3.12 



tk MOVES LINKS 



39 




42 




Fig. 3.13 

The first part of (e) follows Corollary 1.2 (a t^ move changes Pi(a, 1) by the 
factor —a~^) and the following computation: 



PTi(a, 1) = 1, Pxiia,!) = a + Pr^^ia,!) = a'"^ + 2 + a"^, P^^{a,l) = ~a~'^ - a"^. 

The last statement of (e) follows from the fact that different trivial links are not 
ts, ts equivalent (see Lemma 3.10(c) below). 



Lemma 3.10. Consider the Jones polynomial Viit) for t = e^^l"^ (t^^'^ = —e^'^l^), 
then 



(b) V^3w(e-^/^) = < 



[—\)^iVi^{t) if two components of L are involved in ^3 move 



[—X)'^'Vi,{t) if one component of L is involved in ts move 



A depends on the linking numbers of components of L and t^ij-) and on 
an orientation oft-i,{V) (see Theorem 1.13). 
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(c) The trivial links and Tj (k ^ j) are not t^, t^ equivalent and Vr^^e'^^^^) = 

Proof, (a) follows from Corollary 1.4, and (b) from Theorem 1.13. (c) follows from 
(a) and (b). □ 



Example 3.11. Every closed 3-braid link is t^ equivalent to Ti, T2, T3 or the figure 
eight knot (in fact one can go from any closed 3-braid link to one of these links using 
ts moves and regular isotopy). Because all presentations of Ai and T3 as closed 3- 
braids have the same exponent sum (equal to 0) therefore for any link L which is t^ 
equivalent to 4i or T3, each of its presentation as a 3-braid has the same exponent 
sum (equal to 3|4i,L|J°^ or 3\T3, L\^^^ ). Consider, for example, the closed 3-braid 
knot 5f 52^5182'^ (Fig- 3.14)- It is t^ equivalent to the figure eight knot so now we 
know that all presentations of this knot as a 3-braid have the exponent sum equal 
to zero; on the other hand, the knot is t^ equivalent to the unknot so the method of 
Example 3.4 would not suffice to get the unique exponent sum. 




Fig. 3.14 
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Example 3.12. Consider the following theorem of W.B.R.Lickorish and K.Millett 
^L-M-2j (conjectured by J.Birman and partially proved by V.Jones). 

where c{L) denotes the number of components of L and t^/^ = e"'^*/® in VL{t). 

It follows from Lemma 3.10 that t^ and t^ moves change VL{{e^^/'^) by factors =f1 
or =p2 and the second case happens if the move changes the number of components. 
On the other hand t^ and t^ moves preserve Hi{Mj^ , Z3) (Theorem 3.1(b)) and for 
the trivial link Tn, Dim Hi{M\^ , Z3) = n — 1. Therefore the formula of Lickorish- 
Millett holds immediately from the above observations for a link which is t^, 
equivalent to a trivial link (the sign in formula can be found using Lemma 3.10; 
it was identified generally by A.Lipson |Lip| This should be confronted with the 
following conjecture. 



Conjecture 3.13. (Montesinos-Nakanishi) . Every link is t^, t^ equivalent to a 
trivial link^ 



It is an easy (but tedious) task to check the conjecture for closed n-braids (n < 5) 
and n-bridge links (n < 3) because for the braid group Bn (n < 5) the group Bn/{5\) 
is finite / |Coxj ). however the author did it only for closed 3-braids and 2-bridge 
links. ^ 



Example 3.14. Consider the following theorem of Lickorish and Millett |L-M-2j 
and H. Murakami |Mur-2j ; 



^Added for e-print: The conjecture has been disproved in |D-P-1| . The smallest known counter- 
example has 20 crossings. 

''Added for e-print: The conjecture holds for 4-bridge links |P-'l'sl ri'su| . Furthermore every 
closed 5-braid is ^3, ^3 equivalent to a trivial link or to the closure of the 5-string braid (^i(52^3<54)^° 
|Chen | . The last link is a counter-example to Montesinos-Nakanishi conjecture |D-P-1| . 
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It follows from Corollaries 1.2 and 1.8 that and moves preserve Pl{1,1). 
FuHhermore, Pt„(1, 1) = 2""^ On the other hand Dim Hi{M^^, Z2) = 2{n - 1) 
and ii moves preserve Hi{M^I\7j2). It can he shown, using the Fox approach that 
t^-moves preserve Hi{M^\7i2) / |P-3j ). Therefore the formula of Lickorish-Millett- 
Murakami follows immediately from the above observations for a link which is t^, 
equivalent to a trivial link (i.e. a link which can be got from a trivial one using t^ 
and t4 moves and isotopy). This leads to the following conjecture. 



Conjecture 3.15. Every link is t^, t^ equivalent to a trivial link. 



The author has checked the conjecture for closed 3-braid links (see the remark 
after Conjecture 3.13).'^ 

For t^ and moves the analogy of Conjecture 3.15 does not hold. For example, 
trivial links, the trefoil knot, 85 knot and Sig knot / jRolj . see Fig. 3.15) are not 
pairwise t^, ti equivalent. The reason is that by Corollary 1.8 at^ move does not 
change Pl{1, z) and by Corollary 1.2 t^ move changes Pl{^, ^^/^ ) by the factor —1 
(notice that 2cos(7ri/5) = ); on the other hand all mentioned above links have 
pairwise different absolute values o/Pi(l, ^-^y^); 

PT„(i,^^) = (V5-ir- 



P3i(l, = ^ , ^^85(1, = -4 + V5, 



^ Added for e-print: It has been checked for cfosed 4-braid hnks |Chen| . 
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Fig. 3.15 



There is no chance for anything analogous to Conjectures 3.6 or 3.13 for t^, ik 
moves, k > 5 (i.e. that all links are t^, tk equivalent to the trivial links). In particular 
V.Jones ( |.To-3j : Corollary 14.7) proved that the set {|VL(e''*''^)| : Lis a link} is dense 
in (0, oo). On the other hand and ts moves do not change the absolute value of 
^^(e'^*/^) (see Corollary 1.4 and Theorem 1.13), and for trivial links, the values 
|^T„(e^*/5)| = (2cos7r/10)""i are discrete in (0,oo). 

There are natural relations between tk moves and signatures of links; we will list 
here some examples of such relations. For convenience, we start from the definition 
of the Tristram-Levine signature (see |Gort lP^T-2j or |P-lj ). Let Al he a Seifert 
matrix of a link L. For each complex number ^ (^ 7^ 1) consider Hermitian matrix 
Al{^) = (1 — ^)Al + (1 — 0^^. The signature of this matrix, ctl(^) is called 
the Tristram-Levine signature of the link L. The classical signature a satisfies 

Theorem 3.16. (a) For any move on an oriented link L 



k-2 <aL- at^(^L) < k, 

(b) < - ^,.(0 < 2 z/Re(l - > 0, 

(c) ai(eo) - (Tt,{^o) = 2 P{t, V2) ^Oand^o = '- 



1 - 



,7ri/4 ^ 2-V2 _ 

2 '' 2 > 
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(d) // two links Li and L2 are ^4 equivalent then |Li,L2|'°^ = (l/2)((Ti^(^o) ~ 
o"L2(^o)); provided PiAh V^) ^ 0. 



Proof, (a) We use the formula of C.McA. Gordon, R.A.Litherland [(il-Lj and A.Marin, 
which hnks the signature of Goeritz matrix of a hnk with a classical signature. We 
use the same notation as in the proof of Theorem 3.1. Divide the crossings of a 
given oriented link L into two types as shown in Fig. 3.16. 




type I type II 



Fig. 3.16 



Define /U = ^ ^(p), summed over all crossing points of type II then = aiGi) — 
n{L). Furthermore we have ^{tk{L)) — fi{L) = k (see Fig. 3.2), and from the 
form of the matrices Gl' = Gt,.(L) and Gl (see proof of Theorem 3.1) follows that 
-2 < a{GL) - aiGt.^L)) < and therefore -2 < ctl + /i(L) - at.^L) - /i(4(^)) < 
and Theorem 3.16(a) follows. 

To prove (b), we have to choose a proper Seifert surface from which we will find the 
adequate Seifert matrix so one could easily compare the Levine- Tristram signature 
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for L and t2k{L). We can assume that Seifert surfaces for L and t2k{L) looks locally 
as on Fig. 3.17 (or t2k{L) s isotopic to L). 



L 



L 



)( 



Fig. 3.17 

Then the Seifert matrices (in appropriate basis) are of the form : 



A 



(3 q + k 



P q 

where Al is the Seifert matrix of L, a is a column, /3 is a row and g is a number 
[compare |Ka-H rF-T-2j or |P-lj ). Therefore 

a 



A 



(0 



Al{0 



Al^ ^(0 

Al^^{0 « 

-T 

a m 



where a = {1 - + {1-^)13^ and m = ((1 + (1 -0)?- Because 2-^-^ > 0, 
so < cr(Af2j.(L)(0) ~ '^(^l(O) — 2 and the proof of (b) is finished. 

To prove (c) we need further characterization of the Tristram-Levine signature, 
given in |P-T-2j (see also |P-lj ): Assume |1 — ^| = 1, we have : 

(i) Det zAl{0 = Pl{i. 2 - e - = ^L{t') (for Vt' = - 0), 
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(iii) < aLiO - (^tmiO < 4 if Re(l - > 0. 

((iii) can be got using (b) two times with k = 1; i2 moves are equivalent to ^2 
moves) . 

Now consider the case when 2 — ~ 6d = (1 ~ = e^^^^)- Then by Corollary 
1.3, Ai4i)(t') = -AUt'). Therefore by (ii) and (iii) ^^(^0) - 6t,iL)i^o) = 2. (d) 
follows immediately from (c). □ 



One can expect interesting relations between tk moves and non-cyclic coverings of 
links. We limit ourself to two examples, first of which was suggested by R.Campbell. 



Example 3.17. (a) A link diagram is 3-coloured if every overpass is coloured, say, 
red, yellow or blue, at least two coloures are used and at any given crossing 
either all three colours appear or only one colour appears |Fo-2j . Then if a 
link Li is t^, t^ equivalent to L2 then either both links are 3-coloured or none 
of them are 3-coloured. In particular a link which is t^, equivalent to a 
trivial link of more than one component is 3-coloured. The proof is illustrated 
in Fig. 3.18. The link 6| |Rolj is 3-coloured in Fig. 3.19. 



blue yellow red blue 




red blue yellow red 

Fig. 3.18 
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(b) 3-colouring corresponds to an epimorphisrmTi{S^ — L) S^; more generally 
we have: If a knot Ki is t2p, t2p equivalent to K2 (p - prime) then either both 
knots or none of them have dihedral representations i.e. epimorphism 

TTi{S^ -K)^ D2p = {a,b: = l^bP = 1, aba = r^}. 

It follows from the fact that t2p, moves preserve Hi{Mj^ ,Zp) (The- 
orem 3.1(b)) and from the result of Fox that the epimorphism exists iff 
Hi{MP,Zp), IS nontrivial jFV2] (see also jEZ]; 14.8).^ 




Fig. 3.19 
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